Let G be a graph with n vertices and m edges and assume that f :
Introduction and preliminaries
The list coloring problem was introduced about 25 years ago, by Vizing [12] and independently by Erdös, Rubin and Taylor [6] . From the theoretical point of view, Vizing introduced list coloring with the intention to study total coloring, while Erdös, Rubin and Taylor took their motivation from Dinitz's Conjecture on n by n matrices. Simply, a list coloring problem has as input a graph G and at each vertex of G, a list of allowable colors. The question is "Can G be properly vertex colored in such a way that each vertex takes its color from its prescribed list?" Indeed list coloring is a general version of the usual coloring problem. The question that may be arisen is whether it is guaranteed for a graph to be list colorable, when only the size of lists is known. The field list coloring started to flourish around 1990, and has attracted an increasing attention since then. In 1992, Alon and Tarsi [2] used a polynomial associated with a graph and gave sufficient conditions for choosability of a graph in terms of the existence of certain orientations on the edges of the graph. Our main result is based on this algebraic approach invented by Alon and Tarsi [2] .
The uniquely colorable graphs has been studied extensively by several authors [1, 3, 5, 8, 10, 13 ]. Here we investigate uniquely list colorable graphs and their relation with choosability. Consider a graph G with a given list L. We say that G is uniquely L-colorable if G has only one proper L-coloring. In this paper, using a strong algebraic method developed by Alon and Tarsi [2] , we present some relations between uniquely list colorability and choosability of a graph. More precisely, we show that for a given list L, if G is a uniquely L-colorable graph with n vertices and m edges and the sum of list sizes in L is equal to m + n, then G is L -colorable for any list L with the same list sizes as L.
The graphs considered are finite, undirected and without loops. The vertex set of a graph G is referred as V (G); its edge set as E(G). The number of vertices of G is called the order of G, and will be usually denoted by n; the number of edges of G is called the size of G and will generally be denoted by m.
(see [2] [2] find an interesting description of graph colorability in terms of the graph polynomial. In [2] they prove the following lemma.
Lemma A. In the above notation
An algebraic approach to choosability
In this section, based on the algebraic technique developed by Alon and Tarsi in [2] , a relation between choosability and uniquely list colorability is established. As a main result, we prove that if a graph G of order n and size m is uniquely L-colorable for a list assignment L such that
. First, we prove the following algebraic lemma.
Lemma 1. Let F be a field and let
for some constant c ∈ F with c = 0.
and define the following polynomial, We now use Lemma 1 to obtain a relation between choosability and uniquely list colorability.
where m is the size of G. Then the following statements hold:
Proof. That (i) implies (ii) follows from a result of Alon and Tarsi in [2] . Hence, it is sufficient to prove (i). Let
To show that K = 0, we use the idea of Alon and Tarsi [2] . Let
be the graph polynomial of G. The polynomial f G is homogeneous and every monomial of f G has degree m.
Since G is uniquely L-colorable, there is exactly one n-tuple a = (a 1 , . . . , a n ) ∈ S such that
Now we use the same argument as in the proof of Theorem 2.1 by Alon and Tarsi in [2] . This argument implies that there is a polynomialf G (x 1 , . . . , x n ) satisfying the following conditions.
By Lemma A and (4), it then follows that the coefficient of
Combining (1)- (3), and Lemma 1, we then conclude that K = 0. This completes the proof. 2
The above theorem has an immediate corollary. The following theorem shows that the above result is tight. 
. For each i, 1 i t, we put L w i = {t + 1, . . . , 2t − 1} ∪ {i}. We claim that G satisfies the desired properties of the theorem. First, we show the uniqueness of the coloring. Since all colors {1, . . . , t} appear in the vertices {u 1 , . . . , u t } and v 1 is adjacent to these vertices, v 1 can only be colored by t + 1. Furthermore, since v 2 is adjacent to the vertices {u 1 , . . . , u t , v 1 }, its color should be t + 2. Similarly the color of any vertex v i should be t + i, for any i, 1 i t − 1. On the other hand since w i is adjacent to all vertices {v 1 , . . . , v t−1 } and L w i = {t + 1, . . . , 2t − 1} ∪ {i}, thus its color should be i. Also w 1 is adjacent to the vertices {u 2 , u 3 , . . . , u t } and one of the vertices {u 1 , . . . , u t } should be colored by 1, therefore, the color of u 1 is 1. Analogously for any j , 1 j t, the vertex u j can only be colored by j and, therefore, G has a unique vertex coloring with the given lists. It is easy to check that v∈V (G) 
It is known that, for r = 2 k−2 , the complete bipartite graph K r,r is k-choosable [6] . This shows that, for any positive numbers c, < 1, there exists a graph G of order n and size m, and a function f : V (G) → N, such that v∈V (G) f (v) < cm/n + n, and G is f -choosable.
The non-uniqueness of edge-colorings
In this section, we study list edge-colorings of graphs. First, we need some further notation. The line graph of an arbitrary multigraph G, written L(G), is the simple graph whose vertices are the edges of G, and two vertices are joined by an edge if and only if the corresponding edges of G share an endpoint. Clearly, for an edge-list assignment L of G, the graph G is (uniquely) L-edge-colorable if and only if L(G) is (uniquely) L-colorable. First, we apply our results from Section 2 to prove the following theorem.
Theorem 3. Let G be a connected non-regular multigraph and let L be an edge-list assignment of G. If for each edge e = uv, |L e | = max{d(u), d(v)}, then G is not uniquely L-edge-colorable.

Proof. Consider the line graph of G, L(G). If e = uv is an edge of G, then the degree of the corresponding vertex in the line graph of G is equal to d(u) + d(v) − 2. By assumption, we have
Since G is a connected non-regular graph, there are two adjacent vertices say, u and v, such that
There is an extensive theory for edge choosability of graphs which largely lies outside the scope of this paper, for instance see [4] . In [4] it is shown that if every edge e = uw of a bipartite multigraph G is assigned a list of at least max{d(u), d(w)} colors, then G can be edgecolored with each edge receiving a color from its list. We note that for any graph G of Class 2 (χ (G) = Δ + 1) the above claim does not hold. Furthermore, we show that this fact is not true for non-bipartite graphs of Class 1 (χ (G) = Δ). Figure 1 depicts a non-bipartite graph with list assignment L, that satisfies the above hypothesis but is not L-edge-colorable. The list of a thick edge e is L e = {1, 2, 3, 4} and the list of a thin edge e is L e = {1, 2, 3}. Then it is easy to check that the graph is not L-edge-colorable.
Let G be a bipartite multigraph with bipartition U , W . Let c : E(G) → N be a proper edge coloring of G. Here we use some definitions from [4] . We say that an edge e sees an edge e , if e and e are incident with a vertex v and c(e) > c(e ) if v ∈ U or c(e) < c(e ) if v ∈ W . If S, T ⊆ E(G), we say that S sees T if every edge in S\T sees at least one edge in T . If e sees e , 
then we write e e . In addition, we denote by m c (e) the number of edges that e sees according to the coloring c. The following lemma has been proved in [4] .
Lemma B. If G is a bipartite graph and S ⊆ E(G), then there is a matching M ⊆ S such that S sees M.
According to Theorem 3 of [4] we find the following result. 
Now let e = uw be an edge for which c(e) = 1. Assume that c L (e) = r. We claim that for any t ∈ L e (t = r), there exists an edge e so that e and e are incident with a vertex w ∈ W and c L (e ) = t. To see this, let M t be the matching that S t sees when we start with color t. We note that e ∈ S t \M t and by definition, e sees an edge in M t , say, e . Since c(e) = 1, we conclude that e and e are adjacent in a vertex w ∈ W , and the claim holds. Since for any edge a ∈ E(G) we have a proper edge coloring say c such that c (a) = 1 we conclude that, if L e = {a 1 , a 2 , . . . , a Δ } then for any edge a which is incident to w we have L a = {a 1 , a 2 , . . . , a Δ }. By a similar argument if we interchange the colors 1 and Δ in c, we conclude that for any edge a incident to e, L a = {a 1 , a 2 , . . . , a Δ }. It follows that in the connected component of G containing e the lists of all edges are the same. Now by interchanging two colors of the set {a 1 , a 2 , . . . , a Δ } in this component, we obtain two distinct L-edge-colorings. 2
The following conjecture, known as list coloring conjecture, was formulated independently by Vizing, by Gupta, by Albertson and Collins, and by Bollobás and Harris (see [9, 11] ).
Conjecture A. If G is a multigraph, then χ l (G) = χ (G).
Galvin [7] introduced a remarkable and interesting technique and proved that Conjecture A holds for any bipartite multigraphs. The following conjecture and Theorem 3 show that the list coloring conjecture may be restated in a stronger form if G is a graph of Class 1. Also it may be considered as a complement of Theorem 3.
Conjecture. Let G be a Δ-regular graph (Δ 2) and let L be an edge-list assignment of G such that |L e | = Δ for all e ∈ E(G). Then G is not uniquely L-edge-colorable. This is notable that by Theorem 1 the above conjecture is true for any graph of Class 2, since every graph G of Class 2 is not Δ-choosable. If this conjecture is true, using Theorem 3 we can restate Conjecture A as follows: if G is a graph of Class 1 with maximum degree Δ, then, for each edge-list assignment L satisfying |L e | = Δ for all e ∈ E(G), there are at least two L-edgecolorings.
